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Influence of electron phonon interaction on superexchange
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Abstract
We investigate the influence of electron-phonon coupling on the superex-
change interaction of magnetic insulators. Both the Holstein-Hubbard model
where the phonons couple to the electron density, as well as an extended
Su, Schrieffer, Heeger model where the coupling arises from modulation of
the overlap integral are studied using exact diagonalization and perturba-
tive methods. In all cases for both the adiabatic (but non-zero frequency)
and anti-adiabatic parameter regions the electron-phonon coupling is found
to enhance the superexchange.
PACS: 74.72.-h, 74.62.Dh, 71.27.+a
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There is by now a large body of work which demonstrates that the electronic structure
of the high temperature superconducting cuprates may be quite well described by a tight-
binding model with intermediate to strong Coulomb interactions. On the other hand, there
are also experimental results which support the presence of sizeable electron-phonon inter-
actions, in particular for low hole doping [1]. One may then ask how strongly the inclusion
of electron-phonon interactions affects the models in question. In particular, the value of
the superexchange interaction J is rather directly accessible experimentally, and constrains
the parameters which may be used in any model description. If the effective superexchange
constant has a significant dependence on the electron-phonon interaction, this could have
significant consequences for the models used.
We have approached these questions by examining two distinct models for the electron-
phonon coupling: a) the Holstein-Hubbard [2,3] (HH) model, where Einstein phonon modes
are assumed to be coupled to the local density (fluctuations) of the electrons, and b) the
extended Su, Schrieffer, Heeger (SSH) model [4], where the ionic displacements are assumed
to modulate the electronic overlap integrals. In the present work we restrict ourselves to
only a single band model for the electronic degrees of freedom.
This question has previously been considered in Ref. [5,6] for the Holstein-Hubbard model
in the extreme adiabatic limit ω0 → 0, where it was found that there is no dependence of the
superexchange on the electron-phonon coupling. This occurs because there is no time for any
lattice motion to take place during the virtual hopping process which lowers the singlet state
energy relative to that of the triplet. On the other hand, Ihle and Fehske [7] have considered
also the non-adiabatic limit within a variational approach and have found some non-trivial
dependence of J on the electron-phonon coupling. According to the standard approach to the
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small polaron problem, the Lang-Firsov [8] canonical transformation, the effective hopping
integral is exponentially suppressed at strong coupling. Naively this would lead to a large
reduction of J . At the same time however, the effective on-site Coulomb repulsion is reduced
due to the attractive interaction which eventually leads to on-site bipolaron formation at
sufficiently strong coupling. This leads to a reduced energy denominator for the intermediate
states, which would tend to enhance the superexchange. Thus from this point of view one
would expect two different effects which go in opposite directions, and a priori the final
result is not obvious.
In this paper the effective exchange interaction is determined using both exact diagonal-
ization of small clusters, truncating the Hilbert space by allowing only a finite maximum
number of phonons per mode [9,10], as well as by approximate methods combining canoni-
cal transformations and/or perturbation theory in the spirit of the above discussion. Both
models display a common trend: J is enhanced with increasing electron-phonon coupling.
Indeed the reduction of the hopping integral well known for the single polaron problem does
not manifest itself in the determination of J . The magnitude of the enhancement is generally
quite small in the Holstein-Hubbard model, case a), but can be more significant in case b).
The fact that the influence of the electron-phonon interaction is greater in the SSH model
than in the HH model is symptomatic of a clear difference in the character of spin-phonon
coupling in the two models which will be clarified further in this paper.
The HH model is defined by H = HE +HP +HEP where
HE +HP = −t
∑
<i,j>σ
(c†iσcjσ + c
†
jσciσ) + U
∑
i
ni↓ni↑ + ω0
∑
i
a†iai (1)
and
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HEP = g
∑
i
(ni− < n >)(a
†
i + ai). (2)
Here c†iσ(ciσ) are creation (annihilation) operators for electrons of spin σ and a
†
i (ai) are
creation (annihilation) operators for local phonons. In (1) < i, j > implies a sum over
nearest neighbor pairs with j > i. This model describes tight-binding electrons interacting
with a local Coulomb repulsion U , coupled to Einstein oscillators of frequency ω0 via the
local electron density. For the present purpose it is useful to consider coupling to the
fluctuations of electronic density ni− < n >, where < n > is the mean electron density,
rather than to the electronic density ni directly. This eliminates the trivial coupling of the
zero momentum phonon mode to the total electron density [9], which reduces the number of
phonons required to achieve convergence. The zero-point energy of the phonons is constant
and will be suppressed, and throughout we use units such that h¯ = 1. For the SSH model
the electron-phonon interaction (2) is replaced by a modulation of the electronic overlap
integral due to the lattice displacement, described by
HEP ′ = g
∑
<i,j>σ
(
c†iσcjσ + h.c.
) (
a†j + aj − a
†
i − ai
)
. (3)
The most straightforward way to estimate the superexchange interaction J is to solve
“exactly” for the lowest singlet (E0) and triplet (E1) eigenvalues for two electrons on a
two site cluster. For sufficiently weak electron-phonon coupling and large U such that
electronic configurations with only a single electron per site predominate, the difference
E1 − E0 may be interpreted as the effective exchange interaction J . Of course for larger
coupling g one observes a transition to a local bipolaron, in which case this energy difference
has a different physical interpretation, ie. the bipolaron binding energy. Note that with our
choice of coupling the phonons to the density fluctuations the triplet state does not couple
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to the phonons, and hence we always have E1 = 0. Therefore to determine the exchange
interaction we only need the singlet ground state energy E0, which will be obtained by direct
diagonalization using the Lanczos algorithm [10] as well as within several approximation
schemes. It is at this point that the analysis for the HH model is simpler than for the SSH
model: in principle in both cases there are also corrections to this estimate of J due to
processes involving more than two sites. From the low-lying energies of a three site cluster
one may readily extract the nearest-neighbor (J) and next nearest neighbor (J ′) exchange
couplings of an effective spin model [11]. The difference between J determined from three
sites and that extracted from only two sites may be shown to be the leading correction
in a systematic expansion. We have calculated these leading corrections to the effective J
found from two sites and find that in the large U limit they are negligible for the HH model,
even for rather large ω0 and g, whereas the non-local coupling of the SSH model leads to
very significant corrections for strong electron-phonon coupling. The physical mechanisms
leading to this difference will be discussed further in simple terms using strong-coupling
perturbation theory.
Fig. 1(a) summarizes the dependence of J on the electron-phonon coupling g in the HH
model for a fixed value of U and a range of phonon frequencies. The dotted lines diverging
upwards indicate the continuation into the region of an on-site bipolaron, where of course
our identification of J with the singlet-triplet splitting is no longer physically meaningful.
One can note here that the onset of bipolaron formation agrees very well with the prediction
of the Lang-Firsov approach for this instability at U˜ = U − 2g2/ω0 → 0 for all phonon
frequencies. In particular it is worth noting that this result, which is exact in the extreme
antiadiabatic limit (t/ω0 → 0), also holds in the adiabatic limit (ω0/t → 0) [5]. The solid
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lines show that the superexchange is enhanced by increasing electron-phonon coupling, with
the maximum enhancement increasing with the phonon frequency.
In order to understand better these numerical results we now derive simple approximate
forms for the ground state energy of the two site cluster. We first eliminate coupling of
phonons to electron density using the standard Lang-Firsov canonical transformation [8],
with a small generalization to accomodate our form of electron-phonon coupling. The gen-
erator of the transformation is S = −α
∑
i(ni− < n >)(ai − a
†
i ) which transforms (1) and
(2) to H = H0 +Ht, where
H0 = −α
2ω0
∑
i
(ni− < n >)
2 + ω0
∑
i
a†iai + U
∑
i
ni↓ni↑ (4)
is diagonalized by the transformation, and the kinetic energy term becomes
Ht = −t
∑
<i,j>σ
(
c†iσcjσX
†
iXj + h.c.
)
. (5)
Here Xi = exp
[
α(ai − a
†
i )
]
and α = g/ω0. At this point, in order to proceed further one
has at least two alternatives: 1) the hopping term (5) can be treated as a perturbation
and standard Rayleigh-Schro¨dinger perturbation theory to second order may be performed,
or 2) a further canonical transformation of the Schrieffer-Wolf type [12] may be used to
eliminate to order t/U processes which change the number of doubly occupied sites. In the
absence of phonons these two procedures are completely equivalent, however in the present
case they differ due to terms involving multi-phonon processes which are not included in
the Schrieffer-Wolf transformation while they are taken into account in Rayleigh-Scro¨dinger
perturbation theory. Even if U ≫ ω0 the difference between the two can be significant for
strong electron-phonon coupling.
In the case 2), to lowest order in the hopping (5) one simply obtains JSW = 4t
2/U˜ , i.e.
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the effective Coulomb repulsion is reduced from the bare value by the bipolaronic attraction.
This result agrees with the one obtained by Ihle and Fehske [7] along the same line. We shall
see from our exact results that this is a poor approximation. On the other hand, performing
second order perturbation theory in the hopping (5) leads to
JPT =
4t2
U
exp(−2α2)
∞∑
n,m=0

 α
2(n+m)
n!m!(1− 2α
2ω0
U
+ (n+m)ω0
U
)

 (6)
Although (6) is only second order perturbation theory in t/U it includes some effects of
e-ph couplig to all orders. The sum in (6) is readily evaluated numerically. Note that in the
limit ω0 → 0 with g
2/ω0 remaining finite we recover the adiabatic result J = 4t
2/U . This
adiabatic result may also be found by first performing the Schrieffer-Wolf transformation
to O(t/U) followed by the Lang-Firsov transformation. Within this approach to generate a
dependence of J on electron-phonon coupling when ω0 is not zero (as shown by Fig. 1 and
equation (6) it is necessary to go beyond leading order in the Schrieffer-Wolf transformation.
Fig. 1(b) shows a comparison of the exact diagonalization results with JSW and JPT for
one choice of phonon frequency and a pair of different values for the Coulomb repulsion. The
agreement between JPT and the exact results is quite good, whereas JSW tends to overesti-
mate the enhancement. Note also that the adiabatic approximation result (J independent
of g) is better than JSW even for ω0 of order t. This finding is in agreement with the results
of Ref. [6] where it was argued that the lattice has no time to relax for ω0 < U,Ub = 2α
2ω0,
making an adiabatic treatment appropriate. It is therefore not surprising that the adiabatic
result holds for ω0 ∼ t. One may summarize these results by saying that the superexchange
is only slightly enhanced due to strong electron-phonon coupling in the HH model, until
very near the coupling value where the Coulomb repulsion is overcome by the effective at-
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tractive interaction and an on-site bipolaron is formed. This result contrasts with reference
[7] according to which a decrease of J is possible for some parameters. If one attempts to
reproduce the exact results using simple canonical transformations or perturbation theory,
the optimal scheme appears to be to perform a Lang-Firsov transformation, followed by “old
fashioned” second order perturbation theory in the transformed hopping. This simple pro-
cedure leads to a better treatment of the ω0/U terms than is the case when a Schrieffer-Wolf
transformation to leading order after the Lang-Firsov transformation is performed instead
of the perturbation calculation.
Next let us consider the SSH model: Fig. 2(a) shows the dependence of the effective
exchange interaction on the electron phonon coupling for the SSH model. As in Fig. 1(a),
the dotted lines indicate the extension of the curves into the bipolaron phase. Note that in
this model a single polaron in the strong-coupling limit is quite well described as an electron
localized on a shortened bond. The bipolaron here is then also not localized on a single site
as in the HH model, but rather on a bond. Therefore in this case the distinction between the
“singly-occupied” spin-model and the bipolaron phase is not as clear cut. Nevertheless, the
expectation value of double occupancy shows a significant change at a rather well defined
coupling that we take to define the beginning of the bipolaron phase. Note that the size of the
enhancement of J seen here can be larger than that of the HH model in Fig. 1(a). For this
model we are not aware of any canonical transformation analagous to the Lang-Firsov of the
Holstein model. In order to derive simple approximations for the singlet ground state energy
we therefore compare only the Schrieffer-Wolf approach and direct perturbation theory in
the hopping and electron phonon interaction. The latter is quite trivial to second order,
and leads to the prediction J = 4[t2/U +2g2/(U +ω0)]. On the other hand, performing the
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Schrieffer-Wolf transformation to leading order leads at half-filling to a Heisenberg model
with spin-phonon coupling
H˜ = 4t2/U
∑
<i,j>
(~Si · ~Sj − 1/4)− 8tg/U
∑
<i,j>
(~Si · ~Sj − 1/4)(a
†
j + aj − a
†
i − ai)
+ 4g2/U
∑
<i,j>
(~Si · ~Sj − 1/4)(a
†
j + aj − a
†
i − ai)
2 + ω0
∑
i
a†iai. (7)
Note that this amounts to considering the purely electronic J = 4t2/U and taking t →
t − g(a†j + aj − a
†
i − ai). The two electron singlet ground state of (7) for two sites may be
solved exactly, leading to
J = 4t2/U + 8g2e−2γ/U − ω0 sinh
2 γ − 128(tg)2/(32g2U − ω0U
2) (8)
where γ is the solution of coth 2γ = 1 − ω0U/(16g
2). This result is compared to the
numerical result of the model (3) in fig. 2(b). Within the effective spin model the phonon
mode is predicted to go soft at g2 = ω0U/32. From the direct numerical diagonalization
of the original model (3) this coupling value is found to be in quite good agreement with
the onset of the formation of a short-range bipolaronic state as determined by the behavior
of the double occupancy discussed above. At this point the difference between the SSH
model and the HH model as regards spin-phonon coupling is evident: recall that in the
HH model the leading order SW transformation leads to no explicit spin-phonon coupling.
This difference is perhaps most simply understood from the point of view of strong-coupling
perturbation theory where U ≫ (t, g). Consider first the limit g → 0: the superexchange
4t2/U arises due to one application of the hopping term, leading to intermediate states with
one empty and one doubly occupied site of energy U , followed by a further hop leading to
a configuration with only single occupancy. In the HH model, the leading correction to this
well known result arising from the electron-phonon coupling involves first a hop creating a
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doubly occupied site with energy U , but now followed by the application of HEP creating
a phonon, leading to a state of energy U + ω0 ≃ U . The phonon can then be annihilated
and the double occupancy removed by the reverse process, giving a leading order correction
O(t2g2/(U3), in agreement with (6). Similar analysis of higher order processes leads to the
conclusion that in terms of powers of t/U or g/U the electron-phonon corrections always
begin at higher order than the comparable terms of the Hubbard model. In the case of the
SSH model however, the leading correction to J arises already at order g2/U : application of
(3) leads to an intermediate state of energy U+ω0, and a second application of (3) returns to
the ground manifold. This term is one of those appearing in (7). Quite generally, corrections
due to the electron phonon coupling begin at the same order in 1/U as similar terms due
to the hopping, leading to large corrections if g/t is not small. This is consistent with the
observed stronger dependence of J for the SSH model shown in Fig. 2(a). The absence
of an explicit spin-phonon coupling in leading order in the HH model and its presence in
the SSH model also have interesting implications for one dimensional systems. It has been
shown [13] that for U →∞ the ground state wave function of the 1D Hubbard model may
be factorized into a product of charge and spin parts. This will still hold including electron-
phonon coupling of the HH type, but will cease to be valid for the SSH model, since it is
not possible to transform the spin degrees of freedom into a “squeezed” Heisenberg chain in
this case.
In summary, we have shown that for two different models of the electron-phonon coupling
the presence of this interaction always tends to enhance the effective exchange interaction
within a single-band model. In the HH model, if the Coulomb repulsion is sufficiently large
so that the system is still reasonably far away from the transition to the local bipolaron
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state the size of the enhancement is small, so that estimates for model parameters are
not strongly affected. The SSH model on the other hand, exhibits rather strong spin-
phonon coupling. In particular from Fig. 2(a) one can see that for ω0 = 0.2t and g = 0.2t
which is still less than the critical value for the formation of a small single polaron (in one
dimension) [14] the enhancement can be nearly a factor of two. This difference between the
HH and the SSH models is a remarkable feature of the single-band models only including
one orbital per site, that we considered here. Derivations of effective single-band models
from multi-band Hubbard models with general e-ph couplings [15] aiming to describe the
High Tc superconducting cuprates show that the effective single-band model should involve
predominantly a Holstein type of coupling. Nevertheless, our results show that, in case
different models or alternative treatments were to lead to substantial SSH type of coupling
in the effective single-band model, magnetic properties should be strongly affected since a
strong spin-phonon coupling would result. We notice, however, that such a strong spin-
phonon coupling should appear in the real high Tc systems as an isotopic dependence of
the observed J and as a dependence of some phonon frequencies on the magnetization when
the temperature is lowered below the Nee´l temperature in the antiferromagnetic insulating
compounds. At the moment, to our knowledge, these features have not been observed in
the high Tc systems.
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FIGURE CAPTIONS
Fig. 1:
(a) Effective exchange interaction from exact diagonalization of two-site cluster vs.
electron-phonon coupling for the HH model for U/t = 16. Curves are labelled by the phonon
frequency ω0/t and the dotted portions indicate the region of on-site bipolaron formation.
(b) Effective exchange interaction vs. electron-phonon coupling for the HH model for
ω0/t = 1. Solid lines are from exact diagonalization of two sites, dashed are the approxima-
tion JPT and dotted lines are JSW .
Fig. 2:
(a) Effective exchange interaction from exact diagonalization of two-site cluster vs.
electron-phonon coupling for the SSH model for U/t = 16. Curves are labelled by the
phonon frequency ω0/t and the dotted portions indicate the region of on-site bipolaron
formation.
(b) Effective exchange interaction vs. electron-phonon coupling for the SSH model for
ω0/t = 1. Solid lines are from exact diagonalization of two sites, dashed are the approxima-
tion (8).
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